Abstract: Recent research shows the potential of resonant frequency-based leakage detection methods. However, there is a disagreement in whether a leak shifts the normal modes (often called natural or resonant modes) and whether a leak introduces additional peaks to the frequency response function (FRF) of the pipeline. In this paper, the impact of a leak on the normal modes is investigated. The trajectories of normal modes in the frequency complex plane with varying leak size are studied. The key parameter that represents the leak size and controls the trajectories of the normal modes is the ratio of the acoustic impedance of the pipe to the resistance impedance of the leak. It is found that, as the impedance ratio increases from zero (i.e., no leak), each normal mode shifts toward the upper-half complex plane of frequency by a leak, where the imaginary part is a measure of the leak-induced damping of the wave. When the impedance ratio is less than the order of one, the leak-induced normal-mode frequency shift is negligible, which supports the theory put forward by proponents of the no-shift and no-additional-peak hypothesis. When the impedance ratio is of the order of one or larger, not only is the shift of the FRF's peak significant, but also new peaks appear, which supports the theory raised by proponents of the leak-induced additional peaks hypothesis.
Introduction
The problem of identifying leaks in water supply pipelines has been an active area of both research and technology development since the 1990s. The frequency domain leakage detection method has increasingly become a topic of research and has application potential in a wide range of systems (Chaudhry 1987; Jönsson and Larson 1992; Mpesha et al. 2001; Ferrante and Brunone 2003; Covas et al. 2005; Lee et al. 2005a, b; Sattar and Chaudhry 2010; Duan et al. 2011; Rubio Scola et al. 2016; Wang and Ghidaoui 2018a, b; Wang et al. 2019) . However, debate remains on whether a leak in a pipeline gives rise to normal-mode frequency (resonant frequency) shift and additional peaks in the frequency response function (FRF).
In Lee et al. (2005b) , a leak in the pipeline was assumed to be so small that it does not change the locations of peaks of the FRF. The numerical examples in Lee et al. (2005b) considered certain values of wave speed, leak size, and driving head; that is, the wave speed was 1,000 m=s, head at the leak was greater than 40 m, and the ratio between the effective leak size and pipe area was less than 5 × 10 −3 . The choice of these values made the leak-related terms in the FRF comparatively small and thus negligible. As a result, Lee et al. (2005b) modified the FRF of a leaking pipeline system based on the assumption of no resonant frequency shift and no additional resonant frequency, by which a leak detection method was proposed.
On the contrary, Mpesha et al. (2001 Mpesha et al. ( , 2002 proposed an opposite view that in the presence of a leak, the FRF is significantly changed and additional resonant peaks are found. Mpesha et al. (2001) developed a leakage detection method, where the leak locations and sizes were estimated using the information provided by the observed additional resonant peaks. Doubts regarding the validity of the method proposed by Mpesha et al. (2002) were raised in a discussion in Lee et al. (2010) . Lee et al. (2010) claimed that studies such as Ferrante et al. (2001) and Lee et al. (2002) did not show additional resonant peaks due to the presence of a leak. These studies are in conflict with the finding in Mpesha et al. (2002) showing that a leak within pipeline systems gives rise to additional resonant peaks in the frequency response diagram. In the closure, M. H. Chaudhry argued that wave reflection and transmission from any geometrical change (such as a leak) in the pipe system result in a change in its frequency response. In the presence of a leak in a piping system, a wave gets reflection and transmission at this leak-formed additional boundary and finally induces changes in the piping system's frequency response. Zecchin et al. (2008) showed that a leak affects only the eigenfrequencies of a system and that no new eigenfrequencies are introduced as a result of the leak.
In a related work, Ferrante and Brunone (2003) presented experimental results on the leak-induced impact on the frequency response of a pipeline system. They showed that for a very large leak, for example, the flow from the leak is 80% of the pipe base flow, the FRF significantly changes, and new peaks appear. This conclusion is further supported by the limiting case of leak size shown in Zecchin et al. (2008) .
The current paper investigates the leak's impact on the normal modes of a pipeline system and resolves the conflict that exists in the literature in relation to the impact of a leak on the wave in a pressurized pipe. In the physics literature, normal-mode frequencies are also referred to as natural or resonant frequencies (e.g., French 1971) . This paper follows this tradition.
Normal Mode for Intact and Leaking Pipeline (Homogeneous Solution)
Consider the pipeline illustrated in Fig. 1 , where friction is neglected in order to focus the analysis solely on the effect of leak. The frequency-domain solution to the water hammer equation is (Wylie and Streeter 1978) 
where q and h = complex discharge and head perturbation in the wavenumber domain; the superscripts U and D stand for the upstream and downstream nodes; l = pipe length; and x L = location of the leak away from the upstream reservoir. In addition, γ = propagation operator and is related to the complex-value temporal angular frequency ω by γ ¼ ω=a, where a is the group velocity of the wave, also known as wave speed (Tijsseling et al. 2010) . The real and imaginary parts of γ represent the damping and phase change, respectively (Wylie and Streeter 1978; Chaudhry 2014 ).
The value Z C ¼ a=ðgAÞ = impedance of the pipe; A = cross-sectional area of the pipe; g = gravitational acceleration; and Z L ¼ H Ls =Q Ls is the impedance of the leak, where H Ls and Q Ls are the steady-state head and discharge at the leak, respectively. Both Z C and Z L are real-valued parameters.
As a result
and
Therefore, Eq. (1) can be written as follows:
By enforcing the fixed-head boundary condition at the upstream (reservoir) h U ¼ 0, we obtain
For a closed valve at the downstream end, q D ¼ 0, and because q U ≠ 0, Eq. (5) leads to
Eq. (7) is the nonforcing condition, which is also referred to as the homogeneous condition. Normal-mode wavenumbers are those wavenumbers k satisfying Eq. (7), which are in general complex numbers.
Case with No Leak
For the no-leak case, that is, Q Ls ¼ 0 (i.e., Z C =Z L ¼ 0), the second term in Eq. (7) becomes 0. As a result, the normal modes satisfy
which gives the normal-mode wavenumbers U D Fig. 1 . Layout of a pipeline with a small leak.
Here, Re and Im denote the real and imaginary part, and the superscript NL means no leak. This is a well-known result and can be found in the classic books (Chaudhry 1987; Wylie and Streeter 1978) and in many papers. The statement Imðk NL Þ ¼ 0 implies that there is no damping in the system.
Case with Leak
In the presence of a leak, Z C =Z L ≠ 0, the roots of fðkÞ ¼ 0 are complex numbers. The normal-mode wavenumbers are obtained by solving for the zeros of Eq. (7), that is, fðkÞ ¼ 0. In this paper, a logarithmic residue based quadrature method (LRBQM) (Kravanja and Van Barel 2007 ) is used to solve for the roots of
The LRBQM is based on Cauchy's residue theorem; a brief description of this method can be found in Appendix I. Using the LRBQM, a root of fðkÞ ¼ 0 is computed via a numerical integration
where δC n represents the boundary of C n ; and C n = neighborhood of k NL n including one and only one singularity of the integrand of Eq. (10). The number of singularities can be decided via Eq. (31).
Then, the leak induced shift of complex wavenumber can be calculated by
By computing the roots of fðkÞ ¼ 0 for a leaking pipe, it is found that the normal-mode wavenumbers of pipe shift from the real line (in the case with no leak) toward the upper complex plane (in the case with a leak), which is detailed in the following example. Consider a numerical example of a leaking pipe where the pipe length is l ¼ 2,000 m, the internal diameter is D ¼ 0.3 m, the wave speed is a ¼ 1,000 m=s, and the leak location is x L ¼ 1,500 m. The change in leak size is represented by the parameter Z C =Z L . In theory, Z C =Z L ranges from zero to infinity. Here, we use Z C =Z L ¼ 10 6 in the numerical computation to approximate the infinitely large-sized leak; Z C =Z L ¼ 10 6 is arbitrarily chosen but is sufficiently large in this numerical case to guarantee the convergence of normal-mode wavenumbers regarding the value of Z C =Z L is justified.
The complex-valued normal-mode wavenumbers are calculated via Eq. (10) and shown in Fig. 2 . The arrows in this figure show the trajectory of each normal-mode wavenumber in the complex plane with increasing leak size. The exact values of normal-mode wavenumbers for some specific Z C =Z L are shown in Table 1 . The complex-valued normal modes are normalized by the fundamental normal-mode wavenumber k NL 1 of the intact pipeline and 0.00
The value ½Reðk Ã Þ, Imðk Ã Þ is used to represent the coordinate of a normal-mode wavenumber in the complex plane. It is seen from Fig. 2 that k Ã is periodic along the real axis with a period Reðk Ã Þ ¼ 8. In what follows, we consider three periods ði:e:; Reðk Ã Þ ∈ ½0; 24Þ.
When there is no leak (Z C =Z L ¼ 0), all the normalized normalmode wavenumbers are located on the real axis at the odd harmon-
In the presence of a leak (Z C =Z L ≠ 0), they shift from the odd harmonics not only along the real axis, but also toward the upper half of the complex plane. This fact indicates the existence of the leak-induced shift of normal modes. In fact, as Z C =Z L varies from 0 to about 4, Fig. 2 and Table 1 show that the normalized normal-mode wavenumbers that start at normalized normal-mode wavenumbers Reðk Ã Þ ¼ 1 and Reðk Ã Þ ¼ 7 shift more than the normalized normal modes that start at normalized normalmode wavenumbers Reðk Ã Þ ¼ 3 and Reðk Ã Þ ¼ 5 on both the real and imaginary axes. Also, the shift in the imaginary axis is much more significant than the shift in the real axis, indicating that the considered leak influences the damping more than the oscillatory frequency.
When the leak size increases to approximately Z C =Z L ¼ 4.2, new dissipative modes (referred to as Mode 1′ in Table 1) 
The trajectories of these new-mode wavenumbers are toward the real axis as the leak size increases (see arrows in Fig. 2 modes 4 , 12, and 20). The physical origin of the new normal modes is theoretically explained in the next subsection.
As Z C =Z L further increases up to about 20, which implies a very large leak size, as shown in Fig. 2 
are, respectively, the normalized normal-mode wavenumbers for the pipe sections with lengths l − x L ¼ 500 and x L ¼ 1,500 m. The bifurcation of the pipe into two length scales is discussed in the next subsection.
Case with Extremely Large Leak
The physical meaning of this limiting case of leak size is illustrated here. When the leak becomes extremely large, Z C =Z L ≫ 1, the first term of Eq. (7) can be neglected and thus Eq. (7) becomes
The normal modes satisfying Eq. (12) let either
The corresponding normal modes are
Their normalized forms are
respectively. As a matter of fact, when the leak size becomes extremely large, it is more capable of holding the local pressure head constant at H atm and can be regarded as a reservoir (Ferrante et al. 2001; Zecchin et al. 2008) , as shown in Fig. 3 . In this situation, the pipeline can be considered as being divided into two separate individual intact pipe sections. One section extends from the upstream reservoir to the leak, has length x L ¼ 1,500 m, and can be regarded as a reservoir-pipe-reservoir (RPR) system. The other section extends from the leak to the downstream valve and can be regarded as a reservoir-pipe-valve (RPV) system with length l − x L ¼ 500 m. The normalized normal modes in Eqs. (17) and (18) correspond to the RPR system and the RPV system, respectively. It can be seen from Fig. 2 and Table 1 that when the leak size becomes extremely large, the normal modes are composed of the Fig. 3 . Layout of a pipeline with an extremely large leak. two groups of normal modes in Eqs. (17) and (18), each of which corresponds to each subsection of pipe.
Relationship between Normal Modes and FRF (Inhomogeneous Solution)

Frequency Response Function
The analysis performed in the last section is for the homogeneous wave problem (i.e., no forcing is applied). In this section, the forced wave problem is investigated. In practice, the forcing is often in the form of a flow or pressure disturbances. Consider flow perturbation q D ≠ 0. Therefore, h D is the particular inhomogeneous solution due to q D forcing. The pressure head response per unit flow perturbation at the downstream, which is also known as FRF D , can be derived from Eqs. (5) and (6) as follows:
where k ¼ ω=a; and ω = forcing frequency. This forcing frequency by, say, a valve maneuver is real valued. It is important to emphasize here that the homogenous solution admits complex-valued k; the particular solution admits real-valued k only because both the forcing frequency ω and the wavespeed are real. The set of realvalued k ¼ ω=a, where jh D j=jq D j is the maximum are often referred to as resonant frequencies (Lee et al. 2002; Mpesha et al. 2001) . It is important to emphasize that, strictly, this is a misnomer because for the case of a pipe with a leak, such a maximum jh D j=jq D j is finite due to damping by the leak. This fact is illustrated by an example (see Fig. 4 , where the first and second modes are shown). In this example, the pipe setup is the same as the one in the previous section, with the leak-related parameter Z C =Z L ¼ 0.5. In Figs. 4(a-d) , 1=fðkÞ, where fðkÞ is obtained from the homogeneous wave problem, is plotted in the complex plane of k, which is approximately symmetric in both real and imaginary axes around the center of each resonant wavenumber. The value 1=fðkÞ illustrates the resonance peaks in the complex domain. The real part of the complex-valued normal-mode wavenumber, where 1=fðkÞ goes to infinity, is approximately equal to the location of FRF D 's peak in Fig. 4(e) . The shift of the first normal mode along the real axis from the corresponding normal mode of the intact pipe [the dashed line in Fig. 4(c) ] is greater than the shift in the second normal mode [ Fig. 4(d) ]. As a result, the first mode experiences more leakinduced shift of the FRF's peak than the second mode [see FRF D in Fig. 4(e) ]. Similarly, the shift of the first normal mode along the imaginary axis is greater than the second normal mode. Therefore, the damping of the first peak in FRF D in Fig. 4 is larger than the second peak.
Variation of FRF due to Leak
In this subsection, the variation of the FRF and especially its peaks as a function of leak size are studied. The pipeline setup is as in the previous sections. The change of the FRF due to variations in leak is shown in Fig. 5 . In this figure, six curves with different leak sizes are plotted (Fig. 2) .
When there is no leak (Z C =Z L ¼ 0), as shown in Table 1 and Fig. 5 , all the normal-mode wavenumbers are located at the real axis at the odd harmonics [Reðk
, where FRF D goes to infinity. For Z C =Z L ¼ 0.3 and Z C =Z L ¼ 4, the shift in wavenumber where FRF D is maximum is small and can be neglected, as reported by Lee (2005) . However, as Z C =Z L increases to 12, as can be observed from line (3) in Fig. 5 , the value of FRF D gradually decreases at the original normal-mode wavenumbers (odd harmonics), but increases at Reðk Ã Þ ¼ 4; 12; 20. Furthermore, the shift of the peak location of FRF D can be clearly observed. As Z C =Z L increases to 20, the peaks and zeros of FRF D are at the same position as those of Z C =Z L ¼ ∞. As discussed in the last section, when the leak is large, its behavior becomes similar to a reservoir. That is, the pipe system is divided into two subsystems: one subsystem extends from the upstream reservoir to the leak and the other extends from the leak to the downstream valve. Generating the transient at the valve and investigating the response FRF D at the valve means as the leak becomes large, one picks up the wave dynamics that occur in the pipe section that extends from the leak to the valve only. That is, the wave transmission at the leak toward the subsystem that extends from the reservoir to the leak becomes negligible as the leak gets larger. To illustrate this fact, consider the FRF at a point x < x L due to a transient generated at x ¼ l. The complex head h x and discharge q x are obtained from the transfer matrix equation 
Given the boundary condition h U ¼ 0, we have
by Eq. (5), it becomes 
As an example, take x ¼ 400 and investigate the corresponding FRF
x for a wide range of Z C =Z L . It can be found from Fig. 6 that as the leak size increases, the FRF in the upstream pipe section decreases. That is, as the leak gets larger, its impedance becomes closer to that of a reservoir; thus, the transmission of the wave generated at the valve through leak becomes small. Now, let us return to FRF D and recall that l − x L ¼ 500 m. The normalized normal modes of this section are given by Eq. (17), leading to ðk l−x L Þ Ã ¼ 4ð2n − 1Þ ¼ 4; 12; 20; 28, and so on. These modes agree well with in Table 1 and Fig. 5 . The normalized antinormal modes of the subsystem that extends from the leak to the downstream valve for large Z C =Z L is given by the zeros of the numerator of FRF D , which leads to
Therefore, the normalized antinormal modes of this section are ðk l−x L Þ Ã ¼ 4ð2n − 1Þ ¼ 8; 16; 24; 32, and so on. In fact, FRF D is at its minimum for ðk l−x L Þ Ã ¼ 8; 16; 24 (as shown in Fig. 5 ) for
Revisiting the Examples in the Literature
The examples presented in Lee et al. (2005b) , Ferrante and Brunone (2003) , and Mpesha et al. (2002) are revisited. The system parameters in Lee et al. (2005b) are as follows. The wave speed is a ¼ 1,200 m=s, the dimensionless leak size C d A L =A is less than 2 × 10 −3 , and the head at the leak is greater than 50 m, which leads to the leak-related parameter Z C =Z L ¼ ðaQ Ls Þ=ðgAH Ls Þ being less than 0.1. In this case, according to our computation by LRBQM, the maximum normalized resonant wavenumber shift, compared to an intact pipe, in real and imaginary parts is ReðΔk Ã Þ < 0.025% and ImðΔk Ã Þ < 3%, respectively. This result implies that the shift of the real part of the frequency is small and can be neglected. The emergence of the imaginary part of the frequency is a measure of the leak-induced damping. These results corroborate the results of Lee et al. (2005b) . In fact, Lee et al. (2005b) neglected the leakinduced resonance wavenumber shift along the real axis and used the damping of resonance amplitude. The damping is the reason that there is shift along the imaginary axis in the present study. In fact, for leaks with Z C =Z L of order 1 or less (see Table 1 ), the shift in the real value of the frequency is negligible and the leakage detection method proposed by Lee et al. (2005b) is applicable.
Consider the experimental and numerical examples described in Ferrante and Brunone (2003) , where the pipe is made of polyethylene, with l ¼ 350.5 m, D ¼ 93.8 mm, and a ¼ 330 m=s. One of the experimental tests was carried out for a leak parameter Z C =Z L ¼ 2.4. A noticeable shift of the resonant wavenumber was found [see Figs. 5 and 6 in Ferrante and Brunone (2003) ]. Using the LRBQM-based computation proposed in the present paper, the maximum normalized resonant wavenumber shift is ReðΔk Ã Þ ≈ 25% and ImðΔk Ã Þ ≈ 8% when Z C =Z L ¼ 2.4. This means that the shift of the resonant wavenumber along the real axis is indeed large. However, no new resonant wavenumbers appear.
Another numerical test considered in Ferrante and Brunone (2003) was for Z C =Z L ¼ 20. This is an extremely large leak case and the transmission at the leak of a wave that is generated at the valve is negligible. Therefore, the FRF at the valve is mainly that of the pipe subsystem that extends from the leak to the valve. The results in Ferrante and Brunone (2003) are consistent with the theory in the present paper.
One numerical example in Mpesha et al. (2002) was for Z C =Z L ¼ 0.11. In this case, the current analysis shows that the largest frequency shift is ReðΔk Ã Þ ¼ 0.12%, which is so small that it can be neglected. Very importantly, no new frequencies appear. However, for the case with Z C =Z L ¼ 2.7, new frequencies do appear and represent the pipe subsystem that extends from the leak to the downstream valve.
The previous results prove that each of the hypotheses regarding the impact of a leak on the FRF advanced in the literature is only valid for a certain range of Z C =Z L . The assumption of no shift and no new peak in Lee et al. (2005b) is valid when the leak is small (Z C =Z L of order 1 or less). On the other hand, when the leak is large (say, Z C =Z L ≫ 1), the normal-mode shift is not negligible and the change of the FRF's shape is significant; that is, the original peaks disappear and new peaks appear, which is in accord with the work of Ferrante and Brunone (2003) and Mpesha et al. (2002) . One of the authors of Mpesha et al. (2002) commented in the reply to Lee et al. (2010) that "a leakage from a piping system constitutes an additional boundary and should result in changing the frequency response of the system." The analysis conducted in this paper leads to the following revised version of this statement: a leakage from a piping system constitutes an additional boundary and results in significant change in the frequency response, including the appearance of new frequencies, of the system when Z C =Z L is large.
Alternative Method for Computing Leak-Induced Normal-Mode Shift
Even though the leak-induced normal-mode shift can be numerically calculated by LRBQM in Eqs. (10) and (11), the computational speed is low. This is due to numerical integration as well as the need for a careful choice of the integration contour C n . The requirement is that C n encircle only one singularity [W ¼ 1 in Eq. (31)], and this requires trial and error. Therefore, a simpler and faster method for computing leak-induced normal-mode shift is desired.
Methodology
We propose an explicit but approximate solution of the leakinduced normal-mode shift based on a first-order Taylor expansion. This is motivated by the fact that, in practice, the leaks that are difficult to identify and require advanced methodologies to find are the small ones. These small leaks are characterized by small Z C =Z L . Leaks with large Z C =Z L are easily detected and do not need advanced identification schemes.
Let
where k L n = wavenumber with a leak; k NL n = wavenumber with no leak; and Δk n = wavenumber shift due to a leak. Eq. (24) implicitly assumes a one-to-one mapping from the normal modes in the intact pipe to those in the leaking pipe: the number of normal modes remains and the shift is continuous, which is a reasonable assumption for small leaks according to the results in the previous section. Expanding fðk L n Þ at k NL n using a Taylor series and keeping the first-order term only gives
thus, the expression of the shift Δk n is
The derivation of Eq. (26) is detailed in Appendix II. The real and imaginary parts of Eq. (26) are, respectively
The normal mode for a leaking pipeline is obtained as
The accuracy of the approximate solution is verified in the following subsection.
Numerical Verification
Numerical examples are used to verify Eqs. (26)- (28). The pipeline system is as before. The normalized normal-mode shift Δk In the case of a small leak size with Z C =Z L ¼ 0.3, Figs. 7(a and b) show that both the real and imaginary parts of the normalized shift Δk Ã n perfectly coincide with those obtained from the "precise" solution using LRBQM. This means that when the leak size is small, Eqs. (26)- (28) accurately describe the shift in normal mode. For the relatively large leak with Z C =Z L ¼ 1.5, it is clear from Figs. 7(c and d) that the shift given by the explicit expression is slightly different from that obtained by LRBQM, which means that in the case of large leaks, the first-order Taylor expansion approximation is less accurate, but still acceptable.
The relative error in Eq. (26) for different Z C =Z L is plotted in Fig. 8 . The relative error of the real part (the imaginary part and modulus can be similarly defined) of the shift is defined as
whereΔk Ã n denotes the normalized resonant wavenumber shift calculated by the explicit expression Eq. (26); Δk Ã n denotes the actual shift, which is in fact computed from LBRQM; and N = number of points within one period. In this case, it can be seen from Fig. 7 that N ¼ 4. The relative error of the norm (solid line), imaginary part (dashed line), and real part (dotted line) of the shift are all plotted in Fig. 8 . As the leak size increases, the error of the explicit expression increases, whereby the main difference of the shift estimation comes from the imaginary part. However, within the practical range 0 < Z C =Z L < 1, the relative error is less than 4.5%, which is more than acceptable.
Conclusion
This paper is prompted by the controversial issue in the literature as to whether a leak induces frequency peaks that are not present in the intact pipe system. To systematically address this issue, both the homogeneous and particular solutions for a simple pipe system with a leak are analyzed theoretically. It is found that the frequency shift is negligible and no new peaks appear when the leak is small (Z C =Z L of order 1 or less). On the other hand, when the leak is large (say, Z C =Z L ≫ 1), the frequency is no longer negligible and the change of the FRF's shape is significant; that is, the original peaks disappear and new peaks appear. Physically, small leaks provide damping. Large leaks, on the other hand, behave as a reservoir. It is concluded that the controversy in the literature is due to the fact that different authors were investigating vastly different leak sizes. Therefore, it is natural that they arrived at different conclusions. 
If there is only one zero inside C; that is, W ¼ 1, then this zero (denoted by z 1 ) can be computed by the first-order power
Appendix II. Explicit Expression for Leak-Induced Resonant Wavenumber Shift
Eq. (7) is repeated here as
and its derivative
Therefore,
By substituting Eqs. (37) and (38) into Eq. (25), the expression of the leak-induced resonant wavenumber shift is
